The derivation of the full Standard Model from noncommutative geometry has been a promising sign for possible applications of the latter in High Energy Physics. Many believe, however, that the Standard Model cannot be the final answer. We translate several demands whose origin lies in physics to the context of noncommutative geometry and use these to put constraints on the fermionic content of models. We show that the Standard Model only satisfies these demands provided it has a right-handed neutrino in each 'generation'. Furthermore, we show that the demands can be met upon extending the SM with a copy of the representation 2 ⊗ 1 o , but this has consequences for the number of particle generations.
Introduction
The Standard Model (SM) of elementary particles has been tremendously successful in explaining the world at the smallest length scales that can currently be probed [1] . Yet, it leaves many feeling a bit uneasy for some of its properties appear to be rather ad hoc; few people believe that we have fully understood the Standard Model. The application of noncommutative geometry [2] (NCG) to the subatomic realm might over time increase our understanding of the Standard Model. A line of thought that started with the Connes-Lott model [3] culminated in a geometric description [4] of the full Standard Model. It derives both the correct particle content of the Standard Model, extended with right-handed neutrinos (νSM), as its full action by employing the principles of NCG and adding as little extra input as possible. On top of that, this description allows for a prediction of the Higgs boson mass [4, 5] . NCG might thus prove itself a valuable tool for model building in High Energy Physics.
Considerable effort has already been spent on a classification of all the possible models using the demands that various mathematical and physical arguments put on noncommutative geometries, serves as the motivating example of a spectral triple. Here M is a compact Riemannian manifold that has a spin structure and L 2 (M, S) denotes the square-integrable sections of the corresponding spinor bundle. The Dirac operator / ∂ is associated to the unique spin connection which in turn is derived from the Levi-Civita connection on M . This spectral triple can be extended by a real structure J M ('charge conjugation') and -when dim M is even-a grading γ M ≡ γ dim M +1 ('chirality'). The KO-dimension of a canonical spectral triple equals the dimension of M .
Finite spectral triples
A second example of spectral triples is that of a finite spectral triple:
Example 2. (Finite spectral triple [15, 16] ) For a finite-dimensional algebra A, a finite-dimensional (left) module H of A and a symmetric linear operator D : H → H, we call (A, H, D) a finite spectral triple. As in the general case some finite spectral triples are called real and/or even depending on whether there exists a J (implementing a bimodule structure of H) and/or γ respectively.
To be more specific, we will write out in detail the properties of such finite spectral triples, restricting to the case of KO-dimension 6 for which J 2 = 1, JD = DJ and Jγ = −γJ:
-The finite-dimensional algebra is (by Wedderburn's Theorem) a direct sum of matrix algebras:
with componentwise multiplication: (a 1 , . . . , a K )(b 1 , . . . , b K ) = (a 1 b 1 , . . . , a K b K ).
-The Hilbert space is an A⊗(A) o -module, or, more specifically, a direct sum of tensor products of two defining representations N i of M Ni (F i ):
The non-negative integers M NiNj denote the multiplicity of the representation N i ⊗ N o j .
-The A-bimodule structure is implemented by a real structure J interchanging representations
-For each component of the algebra for which F i = C we will a priori allow both the complex linear representation N i as the real-linear representation N i given by
The algebra (2) is a real algebra. We are using this general form since already in describing the Standard Model (let alone extensions of it) one uses a copy of the quaterions H, a real algebra.
Almost-commutative geometries
In describing particle models using NCG one constructs spectral triples by taking the tensor product of a canonical spectral triple (Example 1) and a finite spectral triple (Example 2). Spectral triples of this form are generally referred to as almost-commutative geometries. This tensor product simply consists of taking the tensor product of the various components of the two spectral triples, except for the Dirac operator, which is given by / ∂ ⊗1+γ M ⊗D F , where D F is the Dirac operator of the finite spectral triple. In this article we will not deal with operators D F , in fact at some points we will even demand it to be absent by putting D F = 0. If confusion is likely to arise, we will add a subscript F to distinguish (a component of) a finite spectral triple from its canonical counterpart.
In the canonical spectral triple the algebra encodes space(time), in a finite spectral triple it is intimately connected to the gauge group. Noncommutative geometry can thus be said to put the external and internal degrees of freedom of a particle on similar footing.
When part of an almost-commutative geometry, the Dirac operator of the canonical spectral triple develops extra terms that have the characteristics of gauge fields [17, §XI] , whereas the finite Dirac operator D F can develop extra terms that parametrize scalar fields, such as the Higgs field. We will write
, where the symbol A represents the generic gauge fields and the scalar fields are generically denoted by φ.
With an almost-commutative geometry we can associate [18] an action functional (consisting of two terms: the fermionic action and the spectral action) via
where f is a positive function and
with (., .) : H × H → C ∞ (M ) the Hermitian structure on L 2 (M, S) combined with the inner product in H F .
2
In practice one has to resort to approximations for calculating the second part of (4) explicitly. Most often this is done [19] via a heat kernel expansion [20] . For convenience, we end this section by recalling some details on this that will be of value later on. If V is a vector bundle on a compact Riemannian manifold (M, g) and if P :
with K µ , L ∈ Γ(End(V )), then there exist a unique connection ∇ and an endomorphism E on V such that
Explicitly, we write locally
Using this ω µ and L we find E ∈ Γ(End(V )) and compute for the curvature Ω µν of ∇:
It is this context in which one is able to compute the spectral action, by making an asymptotic expansion (as t → 0) of the trace of the operator e −tP in powers of t:
where m is the dimension of M and the coefficients tr e n (x, P ) are called the Seeley-DeWitt coefficients. One finds [20, Ch 4.8 ] that for n odd, e n (x, P ) = 0 and the first three even coefficients are given by
where R is the scalar curvature of M , R µ ;µ := ∇ µ ∇ µ R and the same for E. In all cases that we will consider, the manifold M will be taken four-dimensional and without boundary so that the terms E µ ;µ , R Applying the heat kernel expansion of the second term in the action (4) then gives
where f i is the (i − 1)th moment of f :
We underline that the action (9) is automatically gauge invariant and is fixed by the contents of the spectral triple.
3 Constraints on the algebra A Let A be a * -algebra that is represented on a Hilbert space H. Corresponding to the pair (A, H) we define the gauge group
where U (A) is the group of elements u ∈ A such that uu * = u * u = 1 and with det H we mean the determinant of the representation π : A → B(H). We then have Lemma 1. Suppose that A is such that su(A) su(3) ⊕ su(2) ⊕ u(1). Then A must be in the following list:
Proof. Let A be of the form (2), represented on a Hilbert space H. We define two Lie algebras
Note that thus u(A) is a direct sum of simple Lie algebras o(N i ), u(N i ), sp(N i ) according to F i = R, C, H, respectively. All these matrix Lie algebras have a trace, and we observe that the matrices in o(N i ) and sp(N i ) are already traceless. For the complex case, we can write
The unimodularity condition tr H X = 0 translates as
where α i are the multiplicities of the fundamental representations of M Ni (F i ) appearing in H. Using the above property for the traces on simple matrix Lie algebras, we find that unimodularity is equivalent to
where the sum is over the complex factors (i.e. for which
where
In order to get su(A) u(1) ⊕ su(2) ⊕ su(3), we either need that C = 1 (with the u(1) so(2) coming from M 2 (R)) or C = 2. In the first case su(2) must come from from either u(H) or from su(2) so(3), u(M 3 (R)) = o(3), i.e.
•
In the second case we have the following options:
Modulo extra summands R these are the five options for the algebra A.
If the Hilbert space is to contain at least one copy of all the SM representations, then the algebra should allow for at least singlet, doublet and triplet representations. Only the third of these options satisfies this demand 3 .
4 Constraints on the finite Hilbert space
Gauge group
The gauge group of the Standard Model is known (see e.g. [21, §3.1]) to be
where the finite abelian subgroup Z 6 stems from the fact that certain elements of U (1) × SU (2) × SU (3) act trivially on the Standard Model fermions.
In the previous paragraph we have demanded that extensions of the SM Hilbert space still have a similar gauge group as that of the SM. Let us explicate this a bit. If we write u = (u 1 , . . . , u M ) for a generic element of U (A), then the demand det H (u) = 1 -that is part of the definition of SU (A)-applied to the Hilbert space of (3) translates to
Applying this to the algebra of the SM -C ⊕ H ⊕ M 3 (C) and correspondingly 
The multiplicity M 11 does not enter in the expression for a above, for it actually appears twice but with opposite sign.
Lemma 2. If a divides b then we have for the gauge group
Proof. We show this in two steps:
where G = (λ, µ) ∈ U (1) × U (1) : λ a µ 3b = 1 , containing Z 3 as the subgroup {e} × Z 3 , and
For I, consider the following map
We claim that this map is surjective and has kernel
lies in the preimage of (λ, q, m). The kernel of the above map consists of pairs (λ, µ, q, m) ∈ G × SU (2) × SU (3) such that λ = 1, q = 1 and m = µ −1 1 3 . Since m ∈ SU (3) this µ satisfies µ 3 = 1. So we have established I. For II we show that the following sequence is split-exact:
where the group homomorphisms are given by λ ∈ U (1) → (λ 3b/a , λ −1 ) ∈ G and (λ, µ) ∈ G → λµ 3b/a ∈ Z a . Exactness can be easily checked, and the splitting map is given by λ ∈ Z a → (λ, 1) ∈ G. In this abelian case, the corresponding action of Z a on U (1) is trivial so that the resulting semidirect product
Remark 3. In the case that we only allow for representations that already enter in the νSM (i.e. 1, 1, 2 and 3), a and b are given by:
Representation Multiplicity
Hypercharge SM-particles
1/3 left quarks Table 1 : Hypercharges as derived from the finite spectral triple describing the Standard Model.
The Standard Model itself (see also §5.1) is given by
(for three families) and all other multiplicities zero. In this case, a = b = 12 so that the above Lemma yields 
Note that from the definition of SU (A) we can determine the hypercharges of the particles from the U (1) factor of SU (A) (cf. [4, Prop. 2.16]):
where the value of a/b must be determined via additional constraints. 4 The corresponding hyper-
The hypercharges for the example of the Standard Model then come out right, as illustrated in Table 1 .
Anomalies and anomaly cancellation
In short, a quantum anomaly is said to arise when a certain local (gauge) symmetry of a classical theory gets broken upon quantization. Here, we focus attention on the non-abelian chiral gauge anomaly: even if the action is invariant under the transformation H ζ → exp(γ 5 T )ζ (with T anti-Hermitian), the path integral corresponding to this action might not be. The demand of having an anomaly free theory (i.e. a theory that can be quantised) can be casted in an expression that depends on the fermionic content of the theory. We will use it to put constraints on the particle content described by the spectral triple.
In what follows, we assume a finite Hilbert space of the form
(containing the left-and right-handed particles and antiparticles respectively) and KO-dimension 6 (i.e. γ F anti-commutes with J F ) implying that a generic element ζ ∈ H + -the physical Hilbert spaceis of the form
The motivation for working in this KO-dimension 6 is that we are after theories beyond the Standard Model and this is the KO-dimension in which the latter is described. Furthermore we take the finite Dirac operator D F to be zero. 5 T a will denote a fixed generator of the gauge Lie algebra su(A F ), i.e. (T a ) * = −T a .
Lemma 4. Let ζ ∈ H + and let α : M → R be a real function, then the non-abelian chiral gauge transformation
is an on-shell symmetry of the fermionic action in (4). 4 Note however, that these hypercharges are determined up to an overall power. 5 This corresponds to having massless fermions, which is crucial when considering the chiral gauge anomaly.
Proof. We only have to consider the fermionic part of (4), since the gauge fields do not transform. For U J as in (17) with γ = γ 5 ⊗ γ F one can easily prove that
by using that left and right actions of the algebra on the Hilbert space must commute and that {γ 5 , γ µ } = {J, γ F } = 0. Then for the inner product we have, upon transforming ζ:
where we have used the identity exp(A)B exp(−A) = exp(ad A)B for complex n × n matrices A and B. If we expand the exponential in the last term of the previous expression, and use partial integration for the second term, this becomes
Writing
On the other hand we have the following:
where we have used that the spin-connection is Hermitian and commutes with J. Using that for the tensor density
and that for the spin-connection
Employing the Dirac equation for ζ and the skew-adjointness of A µ this gives
i.e. D a µ c j µ c = 0, establishing the result.
In order to progress, we need to be a bit more detailed. For a representation
, where one of the two is trivial depending on the chirality of N i ⊗ N j o . The representation on the conjugate of
. Hence we write for the full representation π(T a ) on
Example 3.
L and T a = τ a , the Gell-Mann matrices, we have
For the case
, the hypercharge generator, we have 
i.e. under the transformation (17) we have
in the notation of (18) .
Now considering the path integral
(where in a Euclidean set up the fields ξ and η should be considered as independent) there is a second effect from transforming the fermionic fields (19) , which is from the transformation of its measure. be its decomposition into the eigenfunctions of D. Here I is a generic index describing both continuous and finite indices: if, for example, the particle sector of
where ψ iL,R is a left-/right-handed eigenspinor of / ∂ and {e n ⊗ē m , 1 ≤ n ≤ N, 1 ≤ m ≤ M } denotes the basis of the left-handed finite part. Then the transformation ξ → ξ := U ξ sets ξ = I a I ψ I with a I = J C IJ a J where
The effect of the transformation on the measure Dξ in (20) is then
and similarly for η. where in going from the first to the second line we have used that ln(1 + z) = z + O(z 2 ), and that α is infinitesimal. The anomaly corresponding to the transformation of ξ is thus
Even though this is an ill-defined quantity, we can make sense of it using the following regularization scheme:
where h can be any function that satisfies h(0) = 1 and lim x→∞ h(x) = 0, and λ I is the eigenvalue of D A with eigenvector ψ I :
where with
R ⊗ H R we mean the particle sector of the total Hilbert space H, as opposed to the anti-particle sector
Using a heat kernel expansion (9) this expression equals
In an analogous fashion we can determine the anomaly that is caused by the spinor η, yielding
Then we have the following result:
Lemma 5. The total anomaly in the path integral due to (17) is given by:
Proof. We start with (21), taking the expression for e 0,2,4 (x, D 2 A ) from (8c), where, for an almostcommutative geometry, E and Ω µν are determined by the field strength of the gauge field and the Riemann tensor for M :
Since tr γ 5 = tr γ 5 γ µ γ ν = 0 we only retain, after taking the limit in Λ,
plus boundary terms, that vanish upon integration since the manifold M is without boundary. Inserting the expressions for E and Ω µν , performing the trace over Dirac indices and setting h(0) = 1 this becomes
The derivation of A η can be found using the same arguments, reading
Adding A ξ and A η and putting in the expression for X, using that {γ F , J F } = 0 and tr H o X o = tr H X (so contributions from the particle and antiparticle sectors add), the total anomaly reads
where we have used that
µν T a and exploiting the (anti)symmetries of µνλσ and the field strength tensor F µν we obtain (23).
This result should hold for any generator T a of the Lie algebra su(A) of the gauge group (cf. (10)). So, if we want the theory to be anomaly free, (23) should be zero.
We apply this general result to the models for which the Lie algebra is su(A) = u(1)⊕su(2)⊕su(3); the T a can separately be Y ≡ i(1, 0, − a 3b 1 3 ), (0, σ a , 0) and (0, 0, τ a ), the generators of the Lie algebra of the SM. Here σ a and τ a denote the Pauli and Gell-Mann matrices respectively. Since tr σ i = tr τ a = 0, the gravitational term of (23) only gets a contribution from the u(1)-part:
where although Y denotes the hypercharge generator of u (1), it is Y ⊗ 1 − 1 ⊗ Y o that represents the actual hypercharge. For the representations that appear in the Standard Model, this gives
Now for the non-gravitational term in (23) . If we use the cyclicity of the trace, tr(σ a ) = tr(τ a ) = 0 and tr
ab c τ c , we find -when restricting to the representations that already appear in the Standard Model-it to be equivalent to the following relations:
T a the hypercharge generator, F µν the photon field:
T a the hypercharge generator, F µν the gluon field:
T a the hypercharge generator, F µν the SU (2) boson field:
T a a Gell-Mann matrix, F µν the gluon field:
All other combinations are seen to vanish. It is evident that the demand of the cancellation of anomalies puts rather stringent constraints on the multiplicities. One well-known result can now be re-confirmed.
Proposition 6. The minimal Standard Model is anomaly free.
Proof. A glance back at the remark just below (14) shows that the non-zero multiplicities of the representation of
and a = b = 12, for which the above equations are readily seen to hold.
Two comments are in order here. In using the demand of anomaly cancellation for validating extensions of the Standard Model, we need to know what the value of the grading (chirality) γ is on each of the representations. However, there is no such thing as a canonical expression for a grading 6 , which in principle limits the scope of these constraints to the particles we know the chirality of, i.e. the SM particles. For non-SM representations we can only try both possible gradings separately. Note, secondly, that the demand for a theory to be anomaly free is most often used for determining the hypercharges of the particles involved. Here, however, these are already determined by the constraint concerning the gauge group, causing the role of anomaly cancellation to be different; it may be used to put constraints on the multiplicities of the representations.
GUT relation
In determining the bosonic part of the action functional (4) by means of a heat kernel expansion, one obtains [19] from the
Here the trace runs over the entire (finite) Hilbert space H F , and F µν is a generic symbol denoting the field strength associated to the various gauge fields. Calculating it explicitly -assuming a Hilbert space of the form (3)-gives
with the coefficients G k ≡ G k (g k ) (as a function of the coupling constant g k ) being given by
Here the label (k) denotes the type of gauge field and q
ji is the charge of the representation
µ . For the number c (k) ij we have in the case that the only representations are 1, 1, 2 and 3:
In the description of the SM from NCG, the three coefficients are precisely such that upon equating them to the normalisation constant −1/4 in front of the kinetic term -as is customary-they automatically satisfy the GUT-relation (1) [4, §16.1]. Now certainly in reality, with the particle content of the Standard Model alone, the coupling constants do not meet at a single energy scale. But first of all this feature is too specific to disregard it as a mere coincidence and secondly the entire predictive power of NCG relies [22, §8] on it: if it has to say anything more about reality than does the conventional approach to the Standard Model (or any of its extensions), we should take this feature seriously. Furthermore much of the 'beyond the Standard Model' research has been conducted in a setting that is characterized by coupling constant unification. To this end we promote that the coupling constants satisfy the GUT relation from a feature to a demand. 7 The nature of the constants G k is then such that it allows one to put constraints on the Hilbert space. (k) ij for any of the possible representations of the Standard Model algebra contributes to either of the three coupling constants. These already include a factor 2 from the fact that in taking the sum every representation appears twice.
In the case of the Standard Model algebra there are three different gauge fields, since the gauge field acting on 1 is the same as the one acting on 1. The SU (2) charge equals 1 on the representation 2 and 0 on everything else and similarly the SU (3) charge equals 1 on the representation 3 and 0 on everything else. The charges for the U (1) gauge field are determined by (15) . The coefficients with which a certain representation contributes to any of the three coupling constants can be found in Table 2 . If we only allow the representations that already appear in the Standard Model -1, 1, 2, 3-we get for the three different coefficients in (27) :
Now upon taking the trace of kinetic terms of the gauge fields, the second and third line get an additional factor 2 because of the normalisation of the Pauli and Gell-Mann matrices respectively. The demand for the GUT-relation (1) is then that
i.e. in terms of multiplicities
Bringing it all together
We summarize Sections 3, 4.1, 4.2 and 4.3 by saying that for any finite spectral triple whose C.1 Lie algebra corresponding to the gauge group is the one of the Standard Model; C.2 particle content contains at least one copy of each of the Standard Model particles;
C.3 particle content is (chiral gauge) anomaly free;
C.4 three coupling constants satisfy the GUT relation (1);
the algebra is A = M 3 (C) ⊕ H ⊕ C and the multiplicities of the fermions are constrained by relations (26) and (28) (with a and b appearing in this last relation determined by (13)).
The readers may ask themselves how and to what extent this approach distinguishes itself from the conventional one, i.e. the non-NCG approach to (beyond the) SM physics; what more does the former offer compared to the latter? In our opinion there are two main differences. The first is the link between the value for the coupling constants and the Hilbert space -making the existence of the GUT-relation a consequence of the particle content. Secondly, the demand for the gauge group to be that of the Standard Model made it possible to determine the charges of the featured particles in terms of the powers a and b, changing the role of the demand of anomaly cancellations to determining multiplicities. (Both differences are a fruit of the meticulous path from the principles of NCG to the particle content of the Standard Model.)
It might be worthwhile to explicate how this article relates to several others having a similar approach, most notably [6, 7, 8, 9, 10] . The main differences are that this is the first time that the GUT-relation is explicitly used for constraining the multiplicities, that the demand for the gauge group had not been articulated before in terms of the content of the Hilbert space. Furthermore, this analysis does not regard the question what finite Dirac operators are allowed, so we have no demands related to this. Finally, the articles [6, 7, 8] consider finite spectral triples of KOdimension 0, instead of 6.
Solutions of the constraints
In the following sections we investigate what the above constraints can tell us about some extensions of the Standard Model. But first we will employ these constraints to recover the latter.
SM and extensions thereof
Let A = C ⊕ H ⊕ M 3 (C) and let H be such that it only contains representations that are present in the Standard Model:
, u R and d R respectively) and their conjugates. We leave the possibility open for a right-handed neutrino 1 R ⊗ 1 o . This implies that H is characterised by a 6-tuple
The subscript L (R) refers to the value 1 (−1) of γ F on the particular representation.
Lemma 7. Upon demanding C.1 -C.4 for this spectral triple, the only solution for the multiplicities is:
with M ∈ N, the number of generations or families.
Proof. From combining (26a) to (26d) we already infer that
Inserting these equations into the demand for the GUT-relation (28) (but discarding all non-SM representations), gives:
yielding a = b, i.e. the hypercharges are those of the SM and all multiplicities equal each other, except for M 11 (the right-handed neutrino), which is still unrestricted. Now from the expressions for a and b we find:
establishing the result.
Note that according to the previous Lemma, a right-handed neutrino in all generations is necessary from our point of view. That the Standard Model with three generations and an equal number of right-handed neutrinos is at odds with the orientability axiom, was already noted by C. Stephan [31] . For future convenience we succinctly write the solution to the previous Lemma as:
where we added the accent because the bare SM in fact has M = 3 and does not contain any right-handed neutrinos.
We can try to get the most out of the constraints we have derived. We will first focus our attention on the only non-adjoint representation that is absent in the SM -given that we only use 1, 1, 2 and 3:
Lemma 8. An extension of the SM with only a certain (non-zero) number of copies of 2 ⊗ 1 o (and its conjugate) is possible, provided it is of negative chirality. In that case we have for the multiplicities:
Proof. Since the representation under consideration is hypothetical, we do not know whether it is right-or left-handed, but we can try either possibility. We get a ±2M 21 extra in (26a), (26c) and (25) , where the sign depends on the chirality.
Taking the latter to be positive (i.e. it has the same chirality as M 21 ), we find from anomaly cancellation that
Together with the demand G 2 = G 3 this gives
The other GUT-demand 3/5G 1 = G 2 solves a/b = −4 ∨ 1. Using all relations between multiplicities, the first solution demands all multiplicities to vanish, the second solution only sets M 21 to be zero and we are back at the SM with right-handed neutrinos. Using the other value for the chirality, M 21 and M 21 enter all relations in the same way, except in (13) -whose previous use was to determine M 11 since that is the only constraint it appears in. This means that we cannot exactly solve all multiplicities. Instead we get the results as stated in the Lemma above.
Looking at what we observe in particle experiments, the above Lemma suggests that either 2 ⊗ 1 o is absent after all, or that there is a non-zero M 21 implying that all other particles -except for 2 ⊗ 1 o -come in at least one more generation than is currently observed. The representation 1 ⊗ 1 o (the right-handed neutrino) on the other hand, needs to have an even higher multiplicity than the others.
Supersymmetric extensions
In supersymmetry (see [32] ) one fully exploits all space-time symmetries (as captured by the Poincaré group) to arrive at theories in which all existing particles have superpartners; particles residing in the same representation of the gauge group, but necessarily differing in spin by the amount of 1 /2. In this article we focus on supersymmetric extensions of the SM in which each SM particle has one supersymmetric partner 8 . Thus, we want to extend the finite Hilbert space by the gauginos, the superpartners of the gauge bosons (the latter corresponding to the components of the algebra), and the higgsinos (the superpartners of the Higgses 
We then have:
Lemma 9. There is no solution (30) for the finite Hilbert space that satisfies our demands after extending the Standard Model by two copies of the gauginos and a single copy of the higgsinos.
Proof. We can proceed in exactly the same way as in Lemma 7, using the demands C.1 -C. i.e. the GUT-relation cannot be satisfied. Moreover, inserting the extra multiplicities in (14) shows that a = b, in contrast to what the GUT-relation told us.
Now the previous lemma suggests that the MSSM and NCG are at odds, but there might be models which are not that different from the MSSM that do satisfy all our constraints. We could in principle restore all constraints by adding extra representations compared to the MSSM. In the light of supersymmetry these should all be a superpartner of a scalar particle that enters through a finite Dirac operator. To show that such models exist, we have Theorem 10. The smallest possible extension (in the sense of lowest number of extra representations) of the MSSM that satisfies all four constraints, has six additional representations in H F . Namely, it is one of the following two possibilities for the Hilbert space H MSSM ⊕ F ⊕ F o :
where two of the copies of 1 ⊗ 1 o should have a grading opposite to the other two copies; or
Proof. This can be done with a routine computer check on the equations (26) and (28) 
